Abstract. We study the Balmer spectrum of the category of finite G-spectra for a compact Lie group G, extending the work for finite G by Strickland, Balmer-Sanders, Barthel-HausmannNaumann-Nikolaus-Noel-Stapleton and others. We give a description of the underlying set of the spectrum and show that the Balmer topology is completely determined by the inclusions between the prime ideals and the topology on the space of closed subgroups of G. Using this, we obtain a complete description of this topology for all abelian compact Lie groups and consequently a complete classification of thick tensor-ideals. For general compact Lie groups we obtain such a classification away from a finite set of primes p.
Introduction
Let C be a triangulated category equipped with a compatible symmetric monoidal structure. A central problem in studying C is the classification of its thick tensor-ideals. This problem can be reformulated [Bal05] as determining the Balmer spectrum Spc(C), a topological space associated to C whose points are the prime ideals of C. One of the first examples where a complete description of Spc(C) was obtained is the thick subcategory theorem of HopkinsSmith [HS98] for the category of finite spectra, which is fundamental to our understanding of the stable homotopy category. In recent years there has been significant progress to obtain such a description also for the category of finite genuine G-spectra SH The goal of the present paper is to generalize these results to the category SH c G of finite genuine G-spectra for a compact Lie group G. Similarly to the finite group case, we obtain a complete description of Spc(SH c G ) as a set for all compact Lie groups, and a classification of the Balmer topology and the tt-ideals for all abelian compact Lie groups, in particular tori. While some of the structural properties are similar to the finite group case, there are also new phenomena, the most notable being the interplay of the Hausdorff topology on the space of closed subgroups of G (which is discrete for finite groups) and the Balmer topology on Spc(SH c G ). In particular, it is no longer true that the Balmer topology is determined by the poset structure alone. Another difference to the finite group case is that even in the p-local category SH c G, (p) not every tt-ideal is finitely generated.
Statement of the results. We now describe the results of this paper in more detail. Recall that a thick tensor-ideal (=tt-ideal) in a tensor triangulated category (C, ⊗, 1) is a triangulated subcategory that is closed under retracts and tensor product with an arbitrary object of C. Such a tt-ideal I is said to be prime if X ⊗ Y ∈ I implies that X ∈ I or Y ∈ I. The Balmer spectrum is the set of all prime tt-ideals, with Balmer topology generated by the closed sets supp(X) = {℘ | X / ∈ ℘} for all X ∈ C. We are interested in determining this spectrum in the case where C is the homotopy category SH G of finite G-spectra for a compact Lie group G with the smash product ∧ as the monoidal product. For simplicity, we work in the p-local category SH G,(p) , from which the global result can be reconstructed as explained in [BS17, Sec. 6 ]. We rely on the computation of the spectrum of the homotopy category of non-equivariant finite p-local spectra, due to Hopkins and Smith [HS98] , which we briefly recall. Let N = N ∪ {∞}. Then every prime ideal is of the form P (n) = {X | K(n − 1) * (X) = 0} for some n ∈ N >0 , where K(n) denotes n-th Morava K-theory. These primes are pairwise different and form a descending chain P (1) ⊃ P (2) ⊃ . . . ⊃ P (∞). In order to construct prime ideals for finite G-spectra, one makes use of the geometric fixed point functors
Since admissibility depends only on the poset structure, the Balmer topology only depends on the poset structure and the Hausdorff topology on Sub(G)/G. Consequently, the classification of tt-ideals can also be described in terms of admissible functions. Given a finite p-local G-spectrum X, let type X : Sub(G)/G → N be the isotropy function of X, which assigns to a conjugacy class [H] the chromatic type of the geometric fixed points Φ H (X), i.e., the minimal n such that Φ H (X) / ∈ P (n + 1). This definition extends to tt-ideals I, via type I (H) = min(type X (H) | X ∈ I). Then we have (Theorem 5.3): Theorem 1.3 (Classification of tt-ideals).
(1) The assignment I → type I defines a bijection from the set of tt-ideals to the set of upper semi-continuous admissible functions, i.e., those admissible functions f for which the preimage f −1 ([0, n) ) is open for all n ∈ N.
(2) A tt-ideal I is finitely generated if and only if its isotropy function type I is locally constant.
The last item can be reformulated as saying that given a function f : Sub(G)/G → N, there exists a finite G-spectrum X with type X = f if and only if f is admissible and locally constant.
In order to obtain an explicit description of the Balmer topology and the classification of tt-ideals, it is hence necessary to understand the poset structure on Spc(SH c G,(p) ). Unravelling the definitions, this boils down to the following basic geometric question: Given two closed subgroups K and H of G and numbers n, m ∈ N >0 , does there exist a finite G-CW complex X such that the K-fixed points X K have type ≥ n and the H-fixed points X H have type < m? The answer to this question is 'yes' if and only if P G (K, n) ⊂ P G (H, m).
This problem appears to be difficult in general and is already wide open for general finite groups G. For abelian compact Lie groups A, however, the answer is as follows (Theorem 7.1): Theorem 1.4 (Abelian groups). Let A be an abelian compact Lie group. Then we have an inclusion P G (K, n) ⊂ P G (H, m) if and only if K is a subgroup of H, π 0 (H/K) is a p-group and m + rank p (π 0 (H/K)) ≤ n.
Hence, a function f : Sub(A) → N is admissible if and only if f (H) + rank p (π 0 (H/K)) ≥ f (K) for all K ⊂ H with π 0 (H/K) a p-group.
Note in particular that if K ⊂ H is a subgroup with quotient H/K a torus, then there is an inclusion P G (K, n) ⊂ P G (H, n) for every n. This is the main new ingredient in addition to the finite abelian case of [BHN + 17]. For general compact Lie groups G, we get a complete answer for all but finitely many p, namely those p appearing as divisors of the order of Weyl groups |W G H|, where H ranges through all closed subgroups with finite Weyl group in G (that this number is indeed finite is a theorem of tom Dieck [tD77] ). This is described in Theorem 8.1. Finally, if one is willing to study the question globally for all compact Lie groups, it is possible to reduce it to the case where G is an extension of an abelian compact Lie group by a finite p-group, see Section 6.5.
Remark 1.5. The Balmer spectrum Spc(SH c G,Q ) of the category of finite rational G-spectra was determined for all compact Lie groups G in [Gre17] , but this also follows from Theorem 6.2 (poset structure) and Corollary 5.6 (topology).
Recollections
Let us begin by quickly recalling the proof of the classical thick subcategory theorem as well as collecting some basic notions from stable equivariant homotopy theory that will be used throughout the paper.
As explained in Section 6 of [BS17] for finite groups, the computation of Spc(SH c G ) for a compact Lie group G may be separated into that of Spc(SH c G,(p) ) for all primes p. Throughout the paper, we will therefore work in the p-local category for a fixed prime p, and all our constructions are implicitly p-local.
2.1. The classical thick subcategory theorem. As the prototypical example, we quickly recall the key steps in the computation of the Balmer spectrum of the homotopy category of finite non-equivariant p-local spectra SH c (p) , following Hopkins and Smith [HS98] . For n ∈ N >0 , let K(n) denote the n-th Morava K-theory spectrum at p, with coefficients
n ] and |v n | = 2(p n −1). Furthermore, K(0) is defined to be the rational EilenbergMac Lane spectrum HQ. For n > 0 we write
and P (∞) = n∈N P (n) for the set of all contractible finite p-local spectra. Every P (n) is a prime ideal, since the K(n) satisfy a Künneth formula. Moreover, note that SH c (p) is generated by the unit of the smash product, the p-local sphere spectrum, so any thick subcategory is automatically a tensor ideal. The thick subcategory theorem for SH Theorem 2.1 (Hopkins-Smith). If C ⊆ SH c (p) is a proper thick subcategory, then there exists a unique n ∈ N >0 such that C = P (n). Moreover, there are proper inclusions
The proof can be divided into three steps.
(1) Firstly, Ravenel [Rav84, Thm. 2.11] showed that, if n > 0 and X is a finite spectrum for which K(n) * (X) = 0, then also K(n − 1) * (X) = 0. This translates into the inclusion P(n + 1) ⊆ P(n). Given a finite spectrum X, there hence exists a maximal n such that X ∈ P (n). This n is called the type of X. If X / ∈ P (1), or in other words if the rational homology of X is non-trivial, X is said to be of type 0.
(2) Secondly, these inclusions are all proper, as was first shown by Mitchell [Mit85] , by constructing a finite spectrum F (n) with K(n) * (F (n)) = 0 and K(n − 1) * (F (n)) = 0. (3) Thirdly, as an application of the nilpotence theorem, Hopkins and Smith showed that if another finite spectrum Y has type larger than or equal the type of X, then Y already lies in the tt-ideal X generated by X. As a consequence, any finite spectrum of type n generates P (n). It follows that the P (n) make up all the proper thick tensor ideals and in particular all the prime ideals in SH c (p) . Moreover, the topology on Spc(SH c (p) ) is determined by the closure of points, which are given by P(n) = {P (n), P (n + 1), . . . , P (∞)}.
These steps are also manifest in the computation of the Balmer spectrum of the stable equivariant homotopy category. The goal of the next section is to establish an analogue of (3) for all compact Lie groups G as well as an equivariant generalization of the nilpotence theorem. In contrast, Steps (1) and (2) turn out to be more subtle in the equivariant context, and so far only partial generalizations are known; this will be the subject of the remainder of the paper.
2.2. Stable equivariant homotopy theory. We denote by SH G,(p) the homotopy category of p-local G-spectra for a compact Lie group G indexed on a complete universe and write Sub(G) for the set of closed subgroups of G. For H ∈ Sub(G), the suspension spectrum G/H + = Σ ∞ G/H + is a G-spectrum, and the H-homotopy groups of X ∈ SH G,(p) are defined as
i.e., the graded maps in SH G,(p) from the suspension spectrum of G/H + into X. A map of Gspectra is an equivalence if and only if it induces an isomorphism on π H * for all closed subgroups H of G.
Recall [LMSM86, GM95, May96] that SH G,(p) = (SH G,(p) , ∧, S) is a tensor triangulated category which is compactly generated by the set of dualizable objects {Σ ∞ G/H} H∈Sub(G) and with compact unit given by the G-equivariant sphere spectrum S = S 0 G . As usual, we denote the full subcategory of SH G,(p) spanned by the compact objects by SH c G,(p) . For every closed subgroup H of G, there is a geometric fixed point functor
with the (absolute) geometric fixed point functor for H. This functor is exact, symmetric monoidal, preserves all coproducts, and satisfies Φ H (Σ ∞ A) Σ ∞ (A H ) for all G-CW complexes A. Since the dualizable and compact objects in SH G,(p) coincide, Φ H restricts in particular to a functor Φ H :
Hence, up to equivalence, the geometric fixed point functors only depend on the conjugacy class of H. Moreover, the collection {Φ H } H∈Sub(G) is jointly conservative, i.e., a map f in SH G,(p) is an equivalence if and only if Φ H (f ) is an equivalence in SH (p) for all H ∈ Sub(G).
Let N be a normal subgroup of G and p : G → G/N the projection. Every G/N -space A gives rise to a G-space i * N (A) by taking the same underlying space and pulling back the G/N -action to a G-action along p. This construction gives rise to the inflation functor i * N : SH G/N,(p) → SH G,(p) uniquely characterized by the properties that it sends a suspension spectrum Σ ∞ A to the suspension spectrum Σ ∞ i * N (A) and commutes with homotopy colimits. There are natural equivalences
Most important for us is the case N = G, in which case the inflation functor turns an ordinary spectrum into a G-spectrum with 'trivial action'.
Equivariant support and the equivariant nilpotence theorem
In this section, we use the geometric fixed point functors and the non-equivariant nilpotence theorem to construct a support theory that allows us to detect inclusions between equivariant tt-ideals, thereby providing an equivariant generalization of Step (3) in the proof of Theorem 2.1. Albeit not needed in the remainder of the paper, we also prove an equivariant version of the nilpotence theorem for all compact Lie groups.
3.1. An abstract thick tensor ideal theorem. Let C = (C, ⊗, 1) be a unital algebraic stable homotopy category in the sense of Hovey, Palmieri, and Strickland [HPS97] , i.e., a closed symmetric monoidal triangulated category with compact unit 1 which is compactly generated by a set of (strongly) dualizable objects and allows arbitrary coproducts.
Suppose given an indexing set I, a collection of categories (D i ) with an initial object 0 i ∈ D i and a collection of functors (κ i : C → D i ) i∈I satisfying the following two conditions:
We will refer to such a collection of functors as a coarse support theory for C. The corresponding notion of support is then defined for any X ∈ C as supp(X) = {i ∈ I | κ i (X) = 0 i }.
This extends to any collection X ⊆ C of objects in C by setting supp(X ) = X∈X supp(X). If the functors κ i are homological with abelian target D i , then supp(X) = supp( X ).
Remark 3.1. Conditions (1) and (2) translate to the following two properties of the corresponding notion of support:
(1') For any two objects X, Y ∈ C, we have supp(X ⊗ Y ) = supp(X) ∩ supp(Y ). Proof. For a full subcategory S ⊆ C, let Loc ⊗ (S) be the smallest localizing ideal of C containing S, i.e., the smallest triangulated subcategory of C containing S which is closed under tensor products with objects of C. The natural inclusion D → C then gives rise to a (Verdier) localization sequence Note that we may assume without loss of generality that X ∈ Alg(C): Indeed, since X is a retract of X ⊗ DX ⊗ X by dualizability, X and the monoid X ⊗ DX have the same support. Moreover, the same observation shows that X ∈ D if and only if X ⊗ DX ∈ D.
We now claim that κ i (L f D X) = 0 i for all i ∈ I. To this end, let i ∈ I and assume that
Example 3.3. Let SH (p) be the p-local stable homotopy category at a prime p. For any n ∈ N = {0, 1, . . .} ∪ {∞}, write K(n) for the p-local height n Morava K-theory spectrum, where we set K(∞) = HF p . The nilpotence theorem of Devinatz, Hopkins, and Smith [DHS88, HS98] implies that the collection of homological and symmetric monoidal functors
forms a coarse support theory for SH (p) . In this case, Proposition 3.2 recovers the thick subcategory theorem [HS98, Thm. 7] of Hopkins and Smith, as explained in Section 2.1.
Equivariant support.
In order to apply the abstract result of the previous subsection to equivariant stable homotopy theory, we need to construct an appropriate support theory. Fix a prime p and write SH G,(p) for the category of p-local G-spectra. Recall from Example 3.3 that for each n ∈ N there is a Morava K-theory spectrum K(n) ∈ SH (p) of height n.
Definition 3.4. Let I = Sub(G) × N and define for each (H, n) ∈ I functors
As in the previous subsection, we shall write supp(X) for the support of X ∈ SH G,(p) corresponding to the collection of functors {κ (H,n) } (H,n)∈I .
As before, this notion of support extends to any collection X ⊆ SH G,(p) . Since each Φ H is exact as well as symmetric monoidal and K(n) has a Künneth isomorphism, we have supp(X) = supp( X ) for all X ∈ SH G,(p) . Then we have:
Proposition 3.5. The collection {κ (H,n) } (H,n)∈Sub(G)×N is a coarse support theory for SH G,(p) .
Proof. We have to verify Conditions (1) and (2) above. For any (H, n) ∈ Sub(G) × N and all X, Y ∈ SH G,(p) , there is a canonical isomorphism
Since K(n) * is a graded field, this implies that the first condition is satisfied. To see that supp detects ring objects, suppose that R ∈ Alg(SH G,(p) ) with supp(R) = ∅. By the nilpotence theorem in the form of [HS98, Thm.
For any nonzero finite spectrum F there exists an n ∈ N such that K(n) * (F ) = 0, so we may define the type of a finite G-spectrum X as the function type X : Sub(G) → N given by type X (H) = min{n ∈ N | K(n) * (Φ H (X)) = 0} if Φ H (X) = 0 and ∞ otherwise. We call this function the isotropy or type function of X. It turns out that the central problem for determining the topology on Spc(SH c G,(p) ) and classifying the tt-ideals is the question which functions can occur as type X for some X ∈ SH c G, (p) . By a theorem due to Ravenel [Rav84, Thm. 2.11], if F ∈ SH c (p) has K(n) * (F ) = 0, then K(n−1) * (F ) as well, so for finite G-spectra X, the function type X contains the same information as supp(X). As before, we may extend type to subcategories X ⊆ SH
We write f ≥ g for two functions f, g :
for all H ∈ Sub(G). The next corollary is now an immediate consequence of Proposition 3.2 and Proposition 3.5:
This statement is perhaps slightly surprising, because it means that Y lies in X if and only if Φ H (Y ) lies in Φ H (X) for all closed subgroups H, with no condition on how the various geometric fixed points are glued together.
Stated differently, the isotropy function type X determines the tt-ideal X : It is given by all Y such that type Y ≥ type X . We will see in Section 4.1 that the analogous statement also holds for arbitrary tt-ideals, not only those that are finitely generated.
Remark 3.7. Bousfield has extended Ravenel's theorem to all p-torsion suspension spectra, see [Bou99] , hence the notion of type is well-defined for this larger class of spectra. We are not aware of an analogue of the classification of thick subcategories in this setting.
3.3. The equivariant nilpotence theorem. The goal of this subsection is to strengthen the observation made in the proof of Proposition 3.5 that {κ (H,n) } (H,n)∈Sub(G)×N detects ring objects to an equivariant version of the nilpotence theorem. This generalizes [BS17, Thm. 4.15] from finite groups to arbitrary compact Lie groups; however, unlike their proof, our argument does not rely on the classification of prime ideals in SH G,(p) , but rather exploits properties of the geometric fixed point functors to reduce to the non-equivariant nilpotence theorem by Devinatz, Hopkins, and Smith.
Lemma 3.8. Let R be a homotopy G-ring spectrum and x ∈ π G n (X) an element. Then x is nilpotent if and only if the mapping telescope
is contractible.
Proof. First we note that the homotopy ring π G * (tel(x)) is isomorphic to the colimit colim
Now, if tel(x) is contractible, then this colimit must be trivial. In particular, the element represented by the class of the element 1 ∈ π G 0 (R) under the inclusion of the first term in the colimit system must be trivial. By standard facts about sequential colimits, this means that x n · 1 = x n must be trivial for some n ∈ N, and hence x is nilpotent.
If x is nilpotent, say x n = 0, then clearly the colimit above is trivial, since any composition of n maps in the colimit system is trivial. So we find that π G * (tel(x)) = 0. Furthermore, all restrictions res G H (x) to closed subgroups H are also nilpotent, since restriction maps are ring homomorphisms. So we conclude that π H * (tel(res G H (x))) is trivial for all closed subgroups H. Since we have an equivalence
, this shows that all the equivariant homotopy groups of tel(x) vanish and hence tel(x) is contractible.
Remark 3.9. In fact, the statement holds more generally for x ∈ π G V (R) an element in the RO(G)-graded homotopy ring of R, with the same proof.
Recall that there is a comparison map
, which is a ring map if X is a homotopy G-ring spectrum. By slight abuse of notation, given an element x ∈ π G * (X), we also write Φ H (x) for the element Φ H (res G H (x)). Proposition 3.10. Let R be a homotopy G-ring spectrum and x ∈ π G * (X). Then x is nilpotent if and only if all its geometric fixed points Φ H (x) are nilpotent in Φ H * (R). Proof. By the previous lemma we know that x is nilpotent if and only if its mapping telescope tel(x) is contractible. But this is the case if and only if all the geometric fixed points Φ H (tel(x)) are contractible. Since we have an equivalence Φ H (tel(x)) tel(Φ H (x)), this in turn is equivalent to all the geometric fixed points Φ H (x) being nilpotent, again by the previous lemma. This finishes the proof.
Let X be a finite G-spectrum, Y an arbitrary G-spectrum and let F (−, −) denote the function G-spectrum between two G-spectra. Then one can form a homotopy G-ring spectrum R X,Y = n F (X ∧n , Y ∧n ) with multiplication given by the enriched smash product
Its homotopy ring is given by
Since X is a finite G-spectrum, the geometric fixed points Φ H (F (X ∧n , Y ∧n )) are naturally equivalent to
and that the geometric fixed point map takes a map g :
Applying Proposition 3.10 to R X,Y hence implies:
These results allow us to transport non-equivariant nilpotence theorems to the equivariant world, by testing on all geometric fixed points. In particular, we obtain the following equivariant version of the nilpotence theorem as a consequence of the non-equivariant nilpotence theorem:
is smash-nilpotent in the category of graded K(n) * -modules for all closed subgroups H of G and all n ∈ N.
As mentioned previously, for finite groups G this theorem was proven using tt-geometric techniques and induction on the order of G by Balmer and Sanders. We close this section with a remark about alternative versions of the equivariant nilpotence theorem.
Remark 3.13. Let M U G be the (homotopical) G-equivariant complex cobordism spectrum. For any closed subgroup H ⊆ G the geometric fixed points Φ H M U G splits into a non-trivial wedge of shifted copies of non-equivariant M U , so it follows from Corollary 3.11 and the classical nilpotence theorem [DHS88] for M U that M U G detects smash-nilpotence of maps between finite G-spectra.
In contrast to this, when G = C 2 , we claim that the real cobordism spectrum M U R ∈ SH C 2 does not detect smash-nilpotence. Indeed, the underlying spectrum of M U R is M U , while Φ C 2 M U R M O which splits into a wedge of shifted copies of HZ/2. For an example of a non smash-nilpotent map between finite C 2 -spectra which is nilpotent in M U R , let C be the cofiber of the transfer map S 0 → (C 2 ) + → S 0 and consider the multiplication by 2 map v = 2 : C → C.
We claim that (M U R ) * (v) is nilpotent, while v is not. To this end, first observe that Φ e (v) induces multiplication by 2 on the mod-2 Moore spectrum Φ e C S 0 /2 and hence is smashnilpotent. Secondly, applying C 2 -geometric fixed points yields the map
which induces the null map after smashing with HZ/2. Therefore, M O * (Φ C 2 (v)) is nilpotent. However, multiplication by 2 is not nilpotent on Φ C 2 C S 0 ∨ S 1 and consequently v cannot be smash-nilpotent.
Isotropy of finite G-spectra and equivariant prime ideals
In this section we discuss an essential property of the type functions f X for finite G-spectra X: They are locally constant with respect to the Hausdorff topology on the space of conjugacy classes of subgroups Sub(G)/G, which we recall below. This property is then used to show that every tt-ideal in SH c G,(p) is determined by its type function, and to give a classification of the prime ideals.
4.1. The topology on Sub(G)/G and isotropy of tt-ideals. We now recall the topology on the set Sub(G)/G. First we choose an invariant metric d on the Lie group G, and also write d for the induced Hausdorff metric on Sub(G), defined via
One can show that the resulting topology on Sub(G) is independent of the chosen metric on G. The topology on Sub(G)/G is then defined as the quotient topology from the projection Sub(G) → Sub(G)/G. We collect the following properties of the spaces Sub(G) and Sub(G)/G: Proposition 4.1. The space Sub(G) is compact. If a sequence of subgroups (H i ) i∈N converges to a subgroup H of G in Sub(G), then H i is conjugate to a subgroup of H for almost all i ∈ N. Moreover, the conjugation action of G on Sub(G) is continuous, and the quotient Sub(G)/G is a compact totally-disconnected Hausdorff space.
The part about convergent sequences of subgroups is a consequence of the MontgomeryZippin Theorem [MZ42] .
Example 4.2. The subgroups of the circle group T are given by the cyclic subgroups C n for n ∈ N and the full group T. The Hausdorff topology on Sub(T) is that of a converging sequence, i.e., the subspace {C n } n∈N is discrete and the sets {C n } n≥m ∪ {T} for m ∈ N form a neighbourhood basis for the point T.
•
As claimed above, we have:
Proposition 4.3. For every finite G-spectrum X, the isotropy function
Proof. We have to show that each type
If the class of H did not lie in the interior of type −1 X (n), we could find a sequence H i converging to H with each H i / ∈ type −1 X (n). By the Montgomery-Zippin theorem, we can further assume that the H i are subgroups of H. The restriction res G H (X) is a finite H-spectrum, which up to suspension by a representation sphere is given by a retract of the suspension spectrum of a finite H-CW complex A. By replacing A and res G H (X) by a further suspension if necessary, we can further assume that the idempotent self-map of Σ ∞ A corresponding to the retract is given by Σ ∞ i, where i : A → A is an unstable self-map. Hence res G H (X) is equivalent to Σ ∞ tel(i). Now since A is a finite H-CW complex, the isotropies of its points consist of only finitely many conjugacy classes of subgroups of H, and hence the same is true for tel(i). It follows that there exist proper subgroups K 1 , . . . , K m such that the fixed points A K are equal to A H for all K not H-subconjugate to one of the K j . In particular, type X (K) = type X (H) for all such K. Thus, each H i must be subconjugate to one of the K j and consequently some K j , say K 1 , is superconjugate to infinitely many of the H i . But this implies that d(H, H i ) ≥ d(H, K 1 ) for all these i, contradicting the facts that (1) K 1 is a proper subgroup of H and (2) the H i converge to H.
Remark 4.4. When G is finite, the Hausdorff topology on Sub(G) is discrete and thus every function on it is automatically locally constant. In contrast to this, it will turn out in Theorem 5.3 below that the topology on Sub(G) is one of the novel ingredients in the study of the Balmer spectrum for general compact Lie groups.
We now prove that a tt-ideal I is determined by type I also when I is not finitely generated. In order to show this, we need to see that type I can be approximated by isotropy functions type X for X ∈ I, in the following sense:
Proposition 4.5. Let I be a tt-ideal and f : Sub(G)/G → N a locally constant function such that f ≥ type I . Then there exists an X ∈ I such that f ≥ type X . ≤ f . Since the U H i cover Sub(G)/G, it follows that type X ≤ f on all of Sub(G)/G, which shows that X has the desired property.
Corollary 4.6. Let I be a tt-ideal with isotropy function type I . Then
In particular, I is determined by the function type I .
Proof. On the one hand, it is clear that I is contained in {Y ∈ SH c G,(p) | type Y ≥ type I }. On the other hand, let Y be a finite G-spectrum with type Y ≥ type I . Since type Y is locally constant, the previous proposition shows that there exists an X ∈ I such that type Y ≥ type X . By Corollary 3.6, this implies that Y ∈ X ⊂ I, which finishes the proof. and applying results of the previous subsections to deduce that every prime ideal is obtained in this way. For any (H, n) ∈ Sub(G) × N >0 , we write
Since Φ H is symmetric monoidal, it follows that each P G (H, n) is again a prime. We now show that every prime ideal in SH c G,(p) is of the form P G (H, n) for some closed subgroup H and n ∈ N >0 , where n is unique and H is unique up to conjugacy. We first prove uniqueness, via a simple construction: Let Y be a non-equivariant finite type n spectrum. We consider the finite G-spectrum X = Ind G H i * H (Y ), i.e., the induction to G-spectra from the inflation of X to an H-spectrum. This X has the property that type X (K) = n for all K which are conjugate to a subgroup of H and type X (K) = ∞ for all other K. We call a finite G-spectrum with this property to be of type (≤ G H, n). The existence of such finite G-spectra directly implies:
Lemma 4.7. We have:
(1) If there is an inclusion P G (K, n) ⊂ P G (H, m), then n ≥ m and K is conjugate to a subgroup of H.
Part (2) is a direct consequence of Part (1).
Theorem 4.8. The assignment (H, n) → P G (H, n) defines a bijection
). Proof. Lemma 4.7 shows that the map is injective, hence it suffices to see that every prime ideal ℘ is of the form P G (H, n) for some subgroup H and n ∈ N. By Corollary 4.6, we have
Since ℘ is prime, it is in particular not the full tt-ideal of all finite G-spectra, so there exists a subgroup H such that type ℘ (H) > 0. Without loss of generality, we can assume that H is minimal with this property, since every descending chain of compact Lie groups stabilizes after finitely many steps. We claim that ℘ is equal to P G (H, type ℘ (H)). If not, there would exist an element X ∈ P G (H, type ℘ (H)) \ {℘}. Furthermore, any finite G-spectrum Y of type (≤ G H, 0) satisfies Y ∈ H ∼H P G (H , type ℘ (H )), but Y / ∈ ℘. However, the smash product X ∧ Y lies in the intersection
contradicting the fact that ℘ is prime. Hence, such an X cannot exist, which implies that ℘ = P G (H, type ℘ (H)) as desired.
The Balmer topology and classification of tt-ideals
For finite groups G, it is shown in [BS17] that the Balmer topology on Spc(SH c G,(p) ) and the classification of tt-ideals can be expressed in terms of the poset structure on the Balmer spectrum. In this section we show that in the case of compact Lie groups, the Balmer topology and the classification of tt-ideals are again determined by the poset structure, provided one also remembers the Hausdorff topology on Sub(G)/G. We will return to the study of the poset structure in Section 6.
We first recall from Corollary 4.6 that every tt-ideal I is determined by its type function f I . Hence, we obtain a classification of tt-ideals when we can describe which functions Sub(G)/G → N occur as the type function of a tt-ideal. It turns out that the type functions are detected by the following two properties, the first relying on the poset structure on the Balmer spectrum and the second on the topology on Sub(G)/G:
We have:
Theorem 5.3. Let f : Sub(G)/G → N be a function. Then the following hold:
(1) The function f is of the form type I for some tt-ideal I if and only if it is admissible and upper semi-continuous. (2) The function f is of the form type X for some finite G-spectrum X if and only if it is admissible and locally constant.
Before we prove this, we need two preparatory lemmas:
Lemma 5.4. Let X and Y be finite G-spectra and f : Φ G (X) → Φ G (Y ) a map between their geometric fixed points. Then there exists a G-representation V satisfying V G = 0 and a G-map
Proof. The proof makes use of the fact that the homotopy groups of the geometric fixed points of a G-spectrum Z can be described as the integer graded part of the localization of the RO(G)-graded homotopy groups π G (Z) at the Euler classes e V for all G-representations V with V G = 0, see [GM95, Prop. 3 .20]. In particular, for every element x ∈ π * Φ G (Z) there exists such a Grepresentation V for which e V · x lies in the image of the geometric fixed point map. Applying this to the function spectrum Z = F (X, Y ) gives the desired result.
Lemma 5.5. Let K and H be subgroups of G, and n ∈ N and m ∈ N. If P G (K, n) is not contained in P G (H, m + 1), then there exists a finite G-spectrum X such that type X (K) ≥ n and type X (H) = m. 
e., a self-map which induces an isomorphism on K(type Y (G)) * and is trivial on all other Morava K-theories. Applying Lemma 5.4 to this f , we obtain a G-map f : Σ k Y → Y ∧ S V for some G-representation V with trivial fixed points, such that the geometric fixed points Φ H ( f ) give back f . Then the cofiber Y = cone( f ) has the desired properties: The geometric fixed points Φ G (Y ) are given by the cofiber of f , whose type equals type Y (G) + 1, since f is a v type Y (G) -self map. Furthermore, since Y lies in the tt-ideal generated by Y , the type of Φ K (Y ) cannot be smaller than that of Φ K (Y ).
If H is a proper subgroup of G, one repeats the same argument for G = H applied to the restriction res G H (Y ). Inducing back up, one obtains a G-map of the form Ind
It is not hard to check that the cofiber of this map again has the desired properties.
Proof of Theorem 5.3. Let I be a tt-ideal, and H and K two subgroups of G such that type I (H) < ∞. Further, let X ∈ I be a finite G-spectrum with type X (H) = type I (H). Then X / ∈ P G (H, type I (H) + 1), but X ∈ I ⊂ P G (K, type I (K)). Thus, P G (K, type I (K)) cannot be contained in P G (H, type I (H) + 1) and hence type I is admissible. Furthermore, we already know that type X is locally constant for every finite G-spectrum X, thus type
is also open, and thus type I is upper semi-continuous. Now let f be an admissible and upper semi-continuous function. Let H be a subgroup. Our aim is to construct an X H ∈ SH c G,(p) such that type X H (H) = f (H) and type X H (K) ≥ f (K) for all other subgroups K of G. We first fix such a K in addition to H. Since P G (K, f (K)) is not contained in P G (H, f (H) + 1), Lemma 5.5 shows that there exists an X H,K ∈ SH c G,(p) such that type X H,K (H) = f (H) and type X H,K (K) ≥ f (K). Since f is upper semi-continuous and type X H,K is locally constant, there is an open neighbourhood U H,K of K on which type X H,K is constant with value type X H,K (K) = f (K) and f is bounded above by f (K). The space Sub(G)/G is compact, thus it is covered by finitely many U H,K 1 , . . . , U H,Kn . We then define X H as the smash product
The U H,K i cover Sub(G)/G, so it follows that type X H ≥ f , as desired. Now we set
Then type I ≥ f , since type X H ≥ f for all H. On the other hand we have type X H = f (H), hence type I ≤ f . Thus, type I = f and we are done.
For the second part, we already know that type X is locally constant for every finite Gspectrum X. From the first part it follows that it is also admissible, since type X = type X . If f is an admissible and locally constant function, we see -again using the first part -that there exists a tt-ideal I such that f = type I . We can now apply Proposition 4.5 to I and the locally constant function type I , and see that there is an X ∈ I such that type X ≤ type I . But, X ∈ I also implies type X ≥ type I . Hence, type X = type I = f , which concludes the proof.
We obtain the following characterization of the Balmer topology on Spc(SH 
where f ranges through all locally constant admissible functions Sub(G)/G → N.
Proof. By definition, the Balmer topology has as basis the open sets
where X ranges through all finite G-spectra. By Corollary 4.6, all prime ideals are of the form P G (H, n) . Moreover, by definition, X lies in P G (H, n) if and only if n ≤ type X (H). Thus we have U X = {P G (H, n) | n ≤ type X (H)}. Hence, U X depends only on the function type X . By the previous theorem, we know that type X ranges through all admissible locally constant functions. This finishes the proof.
Since admissibility only depends on the poset structure of Spc(SH c G,(p) ), this shows that the Balmer topology is indeed determined by the inclusions among prime ideals together with the topology on Sub(G)/G, as claimed.
Inclusions of prime ideals
In order to obtain a complete description of the topology on the Balmer spectrum Spc(SH c G,(p) ) and a classification of the tt-ideals, we are hence left to determine the poset structure on Spc(SH c G,(p) ). By Lemma 4.7, we know that a prime P G (K, m) can only be contained in P G (H, n) if K is conjugate to a subgroup of H and m ≥ n. Moreover, if
The remaining problem can thus be phrased as the following question:
Question 6.1. Given an inclusion of subgroups K ⊂ H and n ∈ N >0 , what is the minimal i ∈ N, if any, for which there is an inclusion
Phrased more concretely, given a finite G-spectrum X such that Φ K (X) is of type ≥ n + i, is Φ H (X) necessarily of type ≥ n?
This problem appears to be difficult and is open in general, already for finite groups G where it is linked to the blue-shift phenomenon for generalized Tate constructions [BS17, Sec. 9] . In this section we show that the question can be reduced to the case where K ⊂ H is a 'psubcotoral' inclusion. We also give lower and upper bounds for the minimal i in Question 6.1, building on the previously obtained bounds for finite groups from [BS17] and [BHN + 17]. In Section 7 we then use these bounds to derive a complete classification for abelian compact Lie groups. For a general compact Lie group G, we obtain an answer away from finitely many critical primes p, those that divide the 'order' |G| of G, as we explain in Section 8.
We first need to introduce some terminology. An inclusion K ⊂ H of subgroups of G is said to be cotoral if it is normal and the quotient is a torus. For every subgroup K there exists a maximal cotoral inclusion K ⊂ ω G (K) in G, unique up to conjugacy. Moreover, the group ω G (K) has finite Weyl group and is hence cotorally maximal. In fact, the function K → ω G (K) defines a continuous retraction of Sub(G)/G onto the closed subspace of conjugacy classes of subgroups with finite Weyl group. Given a subgroup H of G, we further write O(H) for the minimal normal subgroup of H with quotient a finite p-group. We say that a subgroup K ⊂ H is p-subcotoral if O(K) sits inside O(H) and the inclusion O(K) ⊂ O(H) is cotoral.
Then the following theorem summarizes what we know about inclusions of primes:
Theorem 6.2. The following hold for subgroups K and H of G and n, m ∈ N: i) If there is an inclusion
The proof is given in Sections 6.2 and 6.3. Using the change of groups properties of Proposition 6.4 below, Items iv) and vi) are immediate consequences of the main result of [BHN + 17], with the case H/K ∼ = Z/p previously shown in [BS17] .
Remark 6.3. Note that the conclusion of vi) translates into the existence of a finite G-spectrum X with the property that type X (K) ≥ n + k − 1 and type X (H) < n. Under the condition that H/K is elementary abelian, suitable complexes can be formally constructed from the AroneLesh complexes [AL17] , which thus form the crucial ingredient in our proof of vi). We currently do not know how to extend this result beyond the case of abelian groups.
We note that ii) and iii) imply that P G (K, 1) ⊂ P G (H, 1) if and only if K is G-conjugate to a cotoral subgroup of H. This gives back the computation of the Balmer spectrum of the homotopy category of finite rational G-spectra of [Gre17] . Parts iii) and iv) can be used to obtain many more inclusions of primes by inducting on subnormal chains K = H 1 ⊂ H 2 ⊂ . . . ⊂ H n = H with each quotient H i+1 /H i a torus or a cyclic p-group.
6.1. Change of groups. We begin by proving the following change of groups properties regarding Question 6.1. Proposition 6.4. i) There is an inclusion P G (K, n) ⊂ P G (H, m) if and only if there exists an element g ∈ G such that the conjugate K g is a subgroup of H and P H (K g , n) ⊂ P H (H, m). ii) If K is a normal subgroup of G contained in K and H, then there is an inclusion P G (K, n) ⊂ P G (H, m) if and only if there is an inclusion
The first part can be interpreted as a 'Going-Up' theorem for restriction to subgroup functors, see [BS17, Prop. 6 .9] in the finite group case. (H, m) , since the question of whether a finite G-spectrum X lies in P G (H, m) only depends on the restriction res G H (X) to an H-spectrum. Since K g is conjugate to K, it follows that also P G (K, n) ⊂ P G (H, m) . We now show that if P H (K g , n) ⊂ P H (H, m) for all conjugates K g of K which are subgroups of H, then also P G (K, n) ⊂ P G (H, m). We want to apply induction to a suitable H-spectrum X. Note that, as a consequence of the double coset formula, the type of Φ K (Ind G H X) is the minimum of the types of all Φ K g (X) for G-conjugates K g contained in H. Since H is not conjugate to a proper subgroup of itself, it follows that the type of Φ H (Ind G H (X)) is the same as the type of Φ H (X). It is hence sufficient to construct a finite H-spectrum X such that Φ H (X) has type < m and Φ K g (X) has type ≥ n for all conjugates K g . For every conjugate K g , we choose a finite H-spectrum X K g with the property that Φ K g (X K g ) has type ≥ n and Φ H (X K g ) has type < m, which exists by assumption. Note that, up to H-conjugacy, there are only finitely many K g ⊂ H, since this set stands in bijection with (G/H) K /N G (K), which is finite as a consequence of the Montgomery-Zippin theorem (see [Bre72, Cor. II.5.7] ). Hence, we can consider the smash product
This has the desired property, since the type of a smash product is the maximum of the types of the smash factors. 
The third statement also follows from the previous argument, since there is an equality
If one is willing to study Question 6.1 globally for all compact Lie groups, Proposition 6.4 allows to reduce to the case where H equals the ambient group G and K contains no non-trivial subgroup normal in H. In Section 6.5 we explain how this can be used to reduce to the case where H is an extension 1 → A → H → P → 1, of a finite p-group P by an abelian compact Lie group A with |π 0 (A)| coprime to p. In the case where K is a normal subgroup of H, it can be further reduced to H a finite p-group.
6.2. The spectrum of the Burnside ring. We now start with the proof of Theorem 6.2. Inspired by [BS17] , we use the comparison map to the spectrum of the Burnside ring A(G) = π G 0 (S G ) to rule out certain inclusions between the primes. The spectrum of the Burnside ring was computed by Dress in the case of finite groups [Dre69] and by tom Dieck [tD75] for compact Lie groups. We now recall this computation, or more precisely its p-local version. For every closed subgroup H, the geometric fixed point map gives a ring homomorphism
. These homomorphisms are called the marks of A(G) (p) . It turns out that they determine the spectrum of A(G) (p) . For the two primes (0) and (p) of Z (p) , we denote by q(H, 1) and q(H, ∞) the respective pullback along ϕ H . Recall that, given a subgroup H of G, we write ω G (H) for a maximal cotoral extension of H in G and O(H) for the maximal normal subgroup of H whose quotient is a finite p-group. Finally we call ω G (O(H) ) the p-perfection of H in G (see [FO05] ). Note that, unlike O(H), the p-perfection depends on the ambient group G. 
) is defined to send a prime ℘ ∈ Spc(SH c G,(p) ) to the prime ideal of all α ∈ A(G) (p) such that the cofiber C(α) is not contained in ℘, see [Bal10] . This computes as follows:
Proposition 6.6. We have
Proof. The proof builds on the commutative comparison diagram n) is by definition equal to (Φ H ) * (P (n)), it is enough to compute ψ(P (n)). First note that if x ∈ Z (p) is non-trivial, then it becomes a unit in Q, and hence K(0) * (C(x)) = HQ * (C(x)) = 0, and thus x / ∈ ψ(P (1)). It follows that ψ(P (1)) is the 0-ideal, as claimed. Now, if x ∈ Z (p) is divisible by p, then its image in K(n − 1) * for n > 1 is zero, and hence C(x) / ∈ P (n), thus x ∈ ψ(P (n)). This shows that for all n > 1 we have (p) ⊂ ψ(P (n)), and hence (p) = ψ(P (n)), since (p) is maximal. The statement now follows from the commutativity of the above diagram and the facts that q(H, 1) = (ϕ H ) * ((0)) and q(H, ∞) = (ϕ H ) * ((p)).
Since the comparison map is inclusion reversing, we see:
In order to prove Parts i) and ii) of Theorem 6.2, one combines this corollary with the first part of Proposition 6.4 on change of groups:
In summary, this proves Parts i) and ii) of Theorem 6.2: (H, m) , then K is G-conjugate to a p-subcotoral subgroup of H and n ≥ m. If n = 1, then K is even G-conjugate to a cotoral subgroup of H.
6.3.
Inclusions for p-cotoral and p-subcotoral subgroups. While the previous subsection was about establishing necessary conditions for the inclusion of prime ideals, we now turn to sufficient ones. We begin with Parts iii) and iv) of Theorem 6.2, which via Proposition 6.4 reduce to the following: Proposition 6.9. Let K ⊂ H be a normal inclusion:
(
As mentioned above, the second item is [BHN + 17, Thm. 2.6]. In order to prove the first, we will use a small computation of the geometric T-fixed points of Morava K-theories proved in Section 6.4 below.
Proof of Proposition 6.9. It only remains to prove the first item. Since the geometric fixed points Φ K (X) are a finite H/K-spectrum satisfying Φ H/K (Φ K (X)) Φ H (X), it suffices to consider the case where K is the trivial group and H = G = T k is a torus. By induction on k we can further reduce to k = 1. Hence we are given a finite T-spectrum X such that K(n) * (Φ {e} (X)) = 0, and we want to show that K(n) * (Φ T (X)) is also trivial. To see this, we consider the function spectrum F (X, K(n)) from X into the T-Borel spectrum for K(n). Since F (X, K(n)) is itself Borel complete and by assumption non-equivariantly contractible, it is also equivariantly contractible. Hence, its geometric fixed points Φ T (F (X, K(n))) are also contractible. Since X is finite, we can compute these geometric fixed points as
By Theorem 6.11, Φ T (K(n)) is a non-trivial K(n)-module and hence contains K(n) as a retract. So we conclude that F (Φ T (X), S) ∧ K(n) is trivial and hence so is Φ T (X) ∧ K(n), using the Künneth formula for Morava K-theory.
To obtain the statement also for n = ∞, one uses that P G (H, ∞) is the intersection of all P G (H, n) with n < ∞.
We are left with showing Part v) of Theorem 6.2:
Proof. The key to the proof is the following statement, due to tom Dieck [tD75, Thm. 4]: If K ⊂ H is p-subcotoral and K = H, then either K has infinite Weyl group W H K or the order of W H K is divisible by p. This leads to the following algorithm to construct H out of K: First replace K by ω G (K), which we can do since we know that
Hence, it is enough to consider the case where K has finite Weyl group. If K = H, we are done. If not, we can find a normal extension
Hence, K 1 is also p-subcotoral in H and we can replace K by K 1 . This way we obtain a subnormal chain K ⊂ K 1 ⊂ K 2 ⊂ . . .. If at some point we have K i = H, we are done. If not, we consider the closure L of the union of the K i . Since we have P G (K, ∞) ⊂ P G (K i , ∞) for all i, it follows that we also have P G (K, ∞) ⊂ P G (L, ∞), since the isotropy function type X of every finite G-spectrum is locally constant and the K i converge to L in Sub(G).
Further, we claim that L is also p-subcotoral in H. There are different ways to see this. One is to use tom Dieck's theorem that L ⊂ H is p-subcotoral if and only if the primes q(L, ∞) and q(H, ∞) are the same in the Burnside ring of H. We know that q(H, ∞) is equal to q(K i , ∞) for all i, and a similar argument as in the proof of Proposition 4.3 shows that then also q(H, ∞) is equal to q(L, ∞), using that for every H-representation V we have V L = V K i for almost all i. Hence, we can replace K by L and proceed. Since the dimension of L is larger than that of K, this process must eventually terminate at the full group H. This finishes the proof.
6.4. Geometric fixed points of Borel-equivariant Morava K-theories. We now give the computation needed for the proof of the first part of Proposition 6.9, and also explain that this argument is special for tori. Let K(n) = K(n) G denote the G-equivariant Borel spectrum for the n-th Morava K-theory K(n). Then we have:
Theorem 6.11. Suppose G is a compact Lie group, n ≥ 0, and r ≥ 0, then
Proof. We start with the case where G is a torus and will verify the claim for r = 1 only, the general case being proven similarly. Since K(n) is a complex oriented cohomology theory and using [GM95, Prop. 3 .20], we can compute Φ T * (K(n)) as the localization of
Euler classes e V , where V ranges through a countable collection C of real T-representations satisfying two properties:
(1) The fixed points V T are trivial for all V ∈ C.
(2) For every proper subgroup H of T there exists a representation V ∈ C such that V H = 0. This fact uses that under these assumptions the unit sphere in the representation N V ∈C V is a model for the universal space for the family of proper subgroups. For n > 0, let ρ n be the onedimensional representation given by the n-fold tensor power of the tautological representation ρ 1 . Then the (underlying real representations of) the collection {ρ n } n>0 satisfies the two properties above. The Euler class of ρ n is given by the n-series [n] F (x), where F is the formal group law associated to the complex orientation of K(n). We claim that it is in fact enough to invert the single element x, i.e., the 1-series [1] F (x), and hence that we have an isomorphism
as claimed. To show that, it is enough to see that the leading term of [n] F (x) is a unit for all n > 1. We first consider the case where n = p k is a power of p.
has leading term v n · x p n , and v n is a unit in K(n) * . For larger k, we can use the formula
is given by v n multiplied with the p n -fold power of the leading coefficient of the p k−1 -series, which is a unit by induction.
Finally we can write a general n as p k ·q with q not divisible by p.
has leading term q · x, we see that the leading coefficient of [n] F (x) is given by q times the leading coefficient of [p k ] F (x) and hence a unit. We now turn to the second part and show that if G is not a torus, the G-geometric fixed points of K(n) are trivial. We begin with the case where G is a non-trivial finite group, which follows directly from the Tate vanishing of K(n): By [GS96, Thm. 1.1], the G-spectrum K(n) ∧ẼG is trivial, whereẼG is the cofiber of EG + → S 0 . But Φ G (ẼG) is equivalent to the sphere S 0 , so
Next we consider the case where G is disconnected but not necessarily discrete. The quotient map p : G → π 0 (G) induces a ring map
sending an Euler class e V to the pulled back Euler class e p * (V ) . As p is surjective, the G-fixed points of p * (V ) are trivial if the π 0 (G)-fixed points of V are trivial. It follows that the geometric fixed point map K(n) * (BG) → Φ G * (K(n)) factors through the localization of K(n) * (BG) at the Euler classes of the form e p * (V ) with V π 0 (G) = 0. But this localization is trivial, since it is an algebra over
, which we have just seen to be trivial.
The remaining case of G connected holds in fact more general than for Morava K-theory:
Lemma 6.12. Let E be any Borel-complete G-spectrum for G a connected compact Lie group which is not a torus. Then Φ G (E) is contractible.
Proof. Write T for a maximal torus in G and N = N G (T ) for the normalizer of T in G. Since N is a proper subgroup of G, the Peter-Weyl theorem implies that there exists an orthogonal representation V of G with the property that V G = 0 but V N = 0. We claim that the map
is trivial. Since e V induces the identity on geometric fixed points and consequently so does E ∧ e V , this implies that Φ G (E) is contractible. The proof of the claim is a standard transfer argument, using that the Euler characteristic of the quotient G/N is 1. We consider the composition G/e + → (G/e × G/N ) + → G/e + obtained by smashing the transfer map G/G + → G/N + and the restriction map G/N + → G/G + with G/e + . This composition is given by multiplication with the Euler characteristic of G/N and hence an equivalence. It follows that X → X ∧ G/N + → X is an equivalence for any spectrum X build out of free cells, and in particular for X the suspension spectrum of EG + . Using that E F (EG + , E) by assumption, it follows that E is naturally a retract of the function spectrum F (G/N + , E). Hence it suffices to show that F (G/N + , E) ∧ e V F (G/N + , E ∧ e V ) is trivial. But this follows from the fact that e V is trivial when restricted to N -spectra (as V N = 0), since the functor F (G/N + , −) is equivalent to the composition of the restriction to N -spectra followed by coinduction back up to G-spectra.
This finishes the proof of Theorem 6.11.
Example 6.13. We note that the corresponding vanishing statement for the Tate construction does not hold. For example, HQ tSU (2) is nonzero. 6.5. Reduction to extensions of p-groups by abelian groups. In the final part of this section we show that the change of group results of Proposition 6.4 can be used to reduce Question 6.1 to extensions of finite p-groups P by abelian compact Lie groups A with |π 0 (A)| coprime to p.
Proposition 6.14. The poset structure on Spc(SH c G,p ) is determined by the poset structure on Spc(SH c Q,p ) for all subquotients Q of G which are extensions of a finite p-group by an abelian compact Lie group A with |π 0 (A)| coprime to p.
Proof. Recall that we have already reduced the problem to understanding inclusions P H (K, n + i) ⊂ P H (H, n), where K is a p-subcotoral subgroup of H. We now fix such a p-subcotoral extension K ⊂ H and consider the commutator subgroup C = [O(H), O(H)] of the minimal normal subgroup O(H) of H of p-power index. Since K is p-subcotoral, the group O(K) sits cotorally inside O(H). Hence, it must contain the commutator C. It follows that so does K. Moreover, since O is normal in H and C is preserved by any automorphism of O, it follows that C is also normal in H. Thus we can apply Part ii) of Proposition 6.4 to find that there is an inclusion P H (K, n + i) ⊂ P H (H, n) if and only if there is an inclusion
Now the group H/C sits in the short exact sequence
The group P = H/O(H) is a finite p-group. Moreover, A = O(H)/C is an abelian compact Lie group whose group of components π 0 (A) is p-perfect (as that of O(H) is). Thus, the order of π 0 (A) is coprime to p. This yields the desired reduction. One could hope that for compact Lie groups the poset structure can be reduced to the poset structure for those subquotients which are extensions of tori by finite p-groups (i.e., ptoral groups), but we have been unable to see this. The problem is that given a p-subcotoral inclusion K ⊂ H, there exists in general no subgroup K ⊂ K that is normal in H and for which H/K is a p-toral group.
Abelian compact Lie groups
The results of the previous section allow us to give a complete description of the Balmer spectrum for abelian compact Lie groups A. Recall from Section 5 that the topology on Spc(SH c A,(p) ) and the classification of its tt-ideals are determined by the set of admissible functions f : Sub(A) → N. We say that a compact Lie group is p-toral if it is an extension of a torus by a finite p-group, and an inclusion K ⊂ H is p-cotoral if it is normal with p-toral quotient H/K. Furthermore, given a finite abelian p-group A , we write rk p (A ) for the rank of A , i.e., the dimension of A ⊗ Z/p over Z/p. We then have: Theorem 7.1. A function f : Sub(A)/A → N is admissible if and only if for all p-cotoral inclusions K ⊂ H of subgroups the inequality
Proof. Recall that f was defined to be admissible if for all subgroups K and H there is no inclusion 
. This proves the claim.
Hence, it remains to show that for a p-toral inclusion K ⊂ H, we have (H, n) . The first statement follows from the fact that there is a chain of inclusions
where each H i /H i−1 is p-power cyclic. Hence, by Parts iii) and iv) of Theorem 6.2, we find that such that f (∞) ≥ f (n) for all n, and f (p k · n) + 1 ≥ f (n) for all n and k. The tt-ideal corresponding to such a function is finitely generated if and only if f (n) = f (∞) for almost all n. See Figure 3 for an illustration.
Remark 7.4. One might wonder whether upper semi-continuity is always implied by admissibility, but this is not the case in general. We consider the orthogonal group O(2) for any prime p and the function . . . T,(p) ), inclusions going from left to right and top to bottom. Each natural number m that is not divisible by p gives rise to a page as above, the different pages overlapping in the primes P T (T, n) of the full group T. The inclusions P T (C p k m , n + 1) ⊂ P T (C p k+l m , n) with l > 3 are omitted in the picture, while the dashed lines indicate the inclusions P T (C p k m , n) ⊂ P T (T, n) for all k.
Away from |G|
Finally we explain that for a fixed compact Lie group G the results in this paper determine the Balmer spectrum of Spc(SH c G,p ) for all but finitely many p. It is a result of tom Dieck [tD77] that the set of orders of finite Weyl groups {|W G H| | H ⊂ G with W G H finite} is bounded. We denote the least common multiple of this set by |G| and call it the order of G. Note that for finite G this coincides with the usual definition of |G|. Then we have:
Theorem 8.1. Let p be a prime not dividing the order |G|. Then a function f : Sub(G)/G → N is admissible if and only if for all normal inclusions K ⊂ H with H/K an abelian p-toral group the inequality f (H) + rk p (π 0 (H/K)) ≥ f (K) holds.
In other words, if p does not divide |G|, there is an inclusion P G (K, n + i) ⊂ P G (H, n) if and only if K is G-conjugate to a normal subgroup K g of H with H/K g an abelian p-toral group, and i ≥ rk p (π 0 (H/K g )). In particular, this determines the Balmer spectrum of finite G-spectra away from the order |G|. Note that for finite groups G the statement of Theorem 8.1 follows directly from Theorem 6.2, since for p not dividing |G| there exist no proper p-subcotoral inclusions K ⊂ H. For general compact Lie groups we still need to take care of the maximal torus and its p-toral subgroups and hence rely on understanding the inclusions for abelian groups as worked out in the previous section.
Proof of Theorem 8.1. It follows from Theorem 6.2, Proposition 6.4 and Theorem 7.1 that if K is G-conjugate to a normal subgroup K g of H with H/K g an abelian p-toral group, then P G (K, n + i) ⊂ P G (H, n) if and only if i ≥ rk p (π 0 (H/K g )). Hence, we need to show that if there is an inclusion of the form P G (K, n + i) ⊂ P G (H, n), then K is necessarily conjugate to a normal subgroup of H with abelian p-toral quotient. From Theorem 6.2, we know that K at least needs to be G-conjugate to a p-subcotoral subgroup of H. Without loss of generality we can assume K to be itself p-subcotoral in H. In particular, K and H have the same p-perfection inside G, i.e., ω G (O(K)) = ω G (O(H) ). We recall from [tD75, Thm. 4 ] that the set of conjugacy classes of subgroups of G sharing this p-perfection with H and K has a unique maximal element M , which is characterized by the property that its Weyl group is finite and of order coprime to p. Without loss of generality, we can choose an M which contains H. Since O(M ) has the same p-perfection as M and is contained inside M with finite p-power index, it follows that O(M ) must have finite Weyl group (since otherwise ω G (O(M )) could not be contained in a subgroup conjugate to M ). Now, by assumption |W G O(M )| is coprime to p, and thus M must equal O(M ). But this implies that H is contained in O(M ) = ω G (O(K)). Thus, there is a chain of inclusions
Since O(K) ⊂ ω G (O(K)) is a cotoral inclusion, we find that K must be normal in H with abelian quotient. Since K is further p-subcotoral in H, the quotient must be a p-toral compact Lie group. This finishes the proof.
